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Abstract We discuss fermion self energy correction in light front QED using a coherent state basis.
We show that if one uses coherent state basis instead of fock basis to calculate the transition matrix
elements the true infrared divergences in δm2 get canceled up to O(e4) . We show this in Light-front
as well as in Feynman gauge.
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1 INTRODUCTION
Our notation for light front coordinates [1] is
xµ = (x+, x−,x⊥)
where
x+ =
(x0 + x3)√
2
, x− =
(x0 − x3)√
2
, x⊥ = (x1, x2)
Momentum is given by
pµ = (p+, p−,p⊥)
Mass shell condition is
p− =
p2⊥ +m
2
2p+
and the metric tensor is
gµν =
0 1 0 01 0 0 00 0 −1 0
0 0 0 −1

In quantum field theory, the LSZ formalism is based on the assumption that at large times, the
dynamics of incoming and outgoing particles in a scattering process is governed by the free Hamiltonian
Has = lim|t|→∞
H = H0 (1)
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2However, it was pointed out by Kulish and Faddeev [2] that this assumption does not hold for theories
in which either long range interactions like QED are present or the incoming and outgoing states
are bound states like QCD. Thus in large time limit, the free Hamiltonian should be replaced by
a new Hamiltonian that must contain interaction terms in such a way that all soft singularities of
full Hamiltonian are included. This new Hamiltonian is called asymptotic Hamiltonian. Kulish and
Faddeev (KF) proposed the method of asymptotic dynamics and showed that in QED, at large times,
when one takes into account the long range interaction between the incoming and outgoing states,
then H0 6= Has. Using the method of asymptotic dynamics, interaction Hamiltonian Vas in
Has = H0 + Vas (2)
was shown by KF to be non-zero in QED. It was then used to construct the asymptotic Mo¨ller operators
ΩA± = T exp
[
−i
∫ 0
∓
Vas(t)dt
]
(3)
which leads to the coherent states
|n : coh〉 = ΩA±|n〉 , (4)
If one computes the transition matrix element using these coherent states obtained from KF approach,
the IR divergence are cancelled.
There are two kinds of IR divergences in LFFT:
1) Spurious IR divergences: These divergences arise when k+ → 0 and are actually a manifestation
of UV divergences of equal time theory. These are regularized by an infrared cut-off on small values
of longitudinal momentum.
2) True IR divergences: These are the actual IR divergences of equal time theory and are present
because of the particle being on mass shell. There are different ways of handling these divergences,
for example using mass regularization. An alternative treatment to this problem is provided by
coherent state method.
A coherent state approach based on asymptotic dynamics has been developed for LFFT and has
been applied to lowest order calculations [3; 4; 5]. In this approach, Has is evaluated by taking the
limit x+ →∞ in exp[−i(p−1 + p−2 + · · ·+ p−n )x+] which contains the light-cone time dependence of the
interaction Hamiltonian Hint. If (p
−
1 + p
−
2 + · · · + p−n ) → 0 for some vertex, then the corresponding
term in Hint does not vanish in large x
+ limit. One can then use KF method to obtain the asymptotic
Hamiltonian which can then be used to construct the asymptotic Mo¨ller operator and coherent states.
True IR divergences are not expected to appear when one uses these coherent states to calculate the
transition matrix elements.
Interaction Hamiltonian of LFQED in LF gauge is given by
HI(x
+) = V1(x
+) + V2(x
+) + V3(x
+)
where
V1(x
+) = e
4∑
i=1
∫
dν
(1)
i [e
−iν(1)i x+ h˜(1)i (ν
(1)
i ) + e
iν
(1)
i x
+
h˜
(1)†
i (ν
(1)
i )] (5)
h˜
(1)
i (ν
(1)
i ) and ν
(1)
i are three point QED interaction vertex and the light-front energy transferred at
the vertex h˜(1) respectively. V2 and V3 are the non-local 4−point instantaneous vertices. Here, we will
focus on construction of asymptotic Hamiltonian using 3−point vertex. One can notice, from the time
dependence, that V1(x
+) does not actually become zero at large times if ν
(1)
i = p
−−k−− (p−k)− = 0.
We define the asymptotic region (i.e the region in which the light-cone energy difference in the exponent
in Eq. 5 is zero) as
k2⊥ <
k+∆
p+
k+ <
p+∆
m2
.
Thus, the asymptotic Hamiltonian is given by
V1as(x
+) = e
∑
i=1,4
∫
dν
(1)
i Θ∆(k)[e
−iν(1)i x+ h˜(1)i (ν
(1)
i ) + e
iν
(1)
i x
+
h˜†i (ν
(1)
i )] (6)
3where Θ∆(k) is given by
Θ∆(k) = θ
(
k+∆
p+
− k2⊥
)
θ
(
p+∆
m2
− k+
)
Substituting k+ → 0, k⊥ → 0 in all slowly varying functions of k and performing the x+ integration
one obtains the asymptotic Mo¨ller operator which gives the asymptotic states as
ΩA±|n : pi〉 =exp
[
−e
∫
dp+d2p⊥
∑
λ=1,2
[d3k][f(k, λ : p)a†(k, λ)− f∗(k, λ : p)a(k, λ)]
+ e2
∫
dp+d2p⊥
∑
λ1,λ2=1,2
[d3k1][d
3k2][g1(k1, k2, λ1, λ2 : p)a
†(k2, λ2)a(k1, λ1)−
g2(k1, k2, λ1, λ2 : p)a(k2, λ2)a
†(k1, λ1)]ρ(p)
]
|n : pi〉 (7)
The second term here arises from the 4−point instantaneous interaction. In our work [6], we have used
these asymptotic states to calculate the transition matrix elements and to demonstrate the absence of
IR divergences in them.
The light-front QED Hamiltonian in the light-front gauge consists of the free part, the standard
three point QED vertex and two 4−point instantaneous interactions,
P− = H ≡ H0 + V1 + V2 + V3 ,
Here,
H0 =
∫
d2x⊥dx−{ i
2
ξ¯γ−
↔
∂− ξ +
1
2
(F12)
2 − 1
2
a+∂−∂kak} (8)
V1 =e
∫
d2x⊥dx−ξ¯γµξaµ (9)
V2 and V3 are the 4−point instantaneous interaction terms [6]. ξ(x) and aµ(x) can be expanded in
terms of creation and annihilation operators [1]. In LFFT, usually one uses light front time ordered
perturbation theory to calculate Hamiltonian matrix elements. The transition matrix is given by the
perturbative expansion
T = V + V
1
p− −H0V + · · ·
The electron mass shift is obtained by calculating the matrix element of this series (Tpp ) between the
initial and final electron states |p, s〉. One can expand Tpp in powers of e2 as
Tpp = T
(1) + T (2) + · · · (10)
where T (n) gives the O(e2n) contribution to fermion self-energy correction.
2 Mass renormalization up to O(e2)
O(e2) correction is represented by two diagrams as shown in Fig. 1. Since the second diagram is a
tree level diagram and does not have any vanishing denominator, we need to calculate only the first
diagram yielding
T (1)pp ≡ T (1)(p, p) = 〈p, s|V1
1
p− −H0V1|p, s〉 (11)
We calculate this using the procedure in Ref. [6] and obtain δm21a which reduces in the limit k
+
1 → 0,
k1⊥ → 0 to
(δm21a)
IR
= − e
2
(2pi)3
∫
d2k1⊥
∫
dk+1
k+1
(p · (k1))2
(p · k1) (12)
4(a)
(p, s) (p, σ)
k1
(p, s) (p, σ)
(b)
k1
Fig. 1 Diagrams for O(e2) self-energy correction in LF
gauge.
(a)
(p, s) (p, σ)
k1
i (p, s) (p, s)
(b)
k1
i
Fig. 2 The contributions to O(e2) self-energy correc-
tion in Feynman gauge.
It should be noted that this is only the IR divergent part of δm21a. The full expression has more
terms in the numerator which reduces to the numerator in Eq. (12) as k+,k⊥ → 0. This result was
derived using LF gauge. We have also done our calculations in Feynman gauge. QED Lagrangian in
Feynman gauge with additional PV fields is given by [7]:
L =
2∑
i=0
(−1)i
[
−1
4
Fµνi Fi,µν +
1
2
µ2iA
µ
i Aiµ −
1
2
(∂µAiµ)
2
]
+
2∑
i=0
(−1)iψ¯i(iγµ∂µ −mi)ψi − eψ¯γµψAµ.(13)
In this theory, there is additional contribution to self-energy correction due to the second diagram
in Fig. 2 where the curly line denotes the massive PV field. The index i on the internal fermion line
takes values i = 0, 1 or 2, where i = 0 corresponds to the physical fermion field while (i = 1 and 2)
represents PV fermion fields. Note further that there are no instantaneous diagrams now as the non-
local terms in the Hamiltonian get cancelled due to PV fields. In addition, for massive photon there is
no vanishing denominator for Fig. 2(b) and thus it does not contribute to IR divergences. Therefore,
at this order, in both LF and Feynman gauge, there is only one diagram that can give IR divergences.
In coherent state basis, there are additional contributions in addition to those already discussed for
Fock basis. In particular, in O(e2), one can also get a contribution from diagrams in Fig. 3 because
the coherent state in
k1
(p, s) (p, σ)
k1
(p, s) (p, σ)
Fig. 3 Additional diagrams in coherent state basis for O(e2) self energy correction corresponding to T2
T ′(p, p) = 〈p, s : f(p)|V1|p, s : f(p)〉 (14)
contains O(e) terms. In the diagrammatic representation of these contributions given in Fig. 3, the first
diagram represents a situation where a soft photon accompanying the incoming particle is absorbed
and the second diagram represents a situation where a soft photon is emitted which accompanies the
outgoing electron but the two particle states are indistinguishable from the single particle state.
These coherent state diagrams give a contribution
T ′(p, p) =
e2
(2pi)3
∫
d2k1⊥
2p+
∫
dk+1
2k+1
u(p, s′)/λ(k1)u(p, s)f(k1, λ : p) (15)
where f(k, λ : p) ensures that the integrals are performed only over a small region around k+ = 0,
k⊥ = 0. In this region, it gives a contribution equal and opposite to the one loop self-energy correction
calculated earlier and thus cancels the IR divergent contribution arising due to p.k1 → 0 in Eq. (12).
3 Mass renormalization up to O(e4)
At O(e4), self-energy correction is obtained by evaluating
T (2) = T3 + T4 + T5 + T6 + T7 (16)
5where T3 contains only 3-point vertices, T4, T5 and T6 contain both 3-point and 4-point vertices, while
T7 contains only 4-point vertices. We have calculated these diagrams using light cone time ordered
perturbation theory and have shown that there are IR divergences when either k1 approaches zero or
k2 approaches zero or both approach zero. Details can be found in [6]. In Feynman gauge calculation,
we do not have the diagrams involving 4-point interactions but there are additional diagrams as shown
in Fig 4. Just as in O(e2), when we add all these diagrams to the coherent state basis diagrams, all
(p, s) (p, s)
k1
k2
(a)
ki j
k2
k1
(p, s) (p, s)
(d)
ji k
(b)
k1
k2
(p, s) (p, s)i j
k
(p, s) (p, s)
(c)
k1 k2
kji
Fig. 4 Additional diagrams for O(e2) self energy cor-
rection in fock basis in Feynman gauge
(p, s) (p, s)
k2
k1
(c)
(p, s) (p, s)
k2k1
(a)
(b)
k1
k2
(p, s) (p, s)
Fig. 5 Additional diagrams in coherent state basis for
O(e4) self energy correction in Feynman gauge
the terms involving vanishing energy denominators cancel in the IR region. However when one goes
to O(e4), one finds different sets of IR divergent diagrams in the two gauges. In LF gauge, there are
diagrams involving instantaneous vertices whereas in Feynman gauge there are diagrams involving PV
fermion fields and massless photon. However, both the formulations are equivalent due to the simple
observation that the four point instantaneous terms can be obtained in the infinite PV mass limit.
Diagrammatically we can see in Figs. 6 and 7 that PV fermion line reduces to an instantaneous 4−point
interaction term [7]. It is very interesting to note that in Fock basis, diagrams containing only massless
m0
m1 m1 →∞
m0
Fig. 6 In the infinite PV mass limit the PV fermion
line reduces to as instantaneous four-point interaction
term denoted by a dash on fermion line
k2
i
3(a)
k1
j k
k2
4(a)
k1
m1 →∞
Fig. 7 In the infinite PV mass limit the diagram on
the left reduces to a diagram involving instantaneous
interaction. Here i = 1 while j = k = 0.
physical photons have divergences only when k1 → 0. The second limit (k2 → 0) and the double limit
(k1 → 0, k2 → 0) do not give any IR divergences here. Fig. 5 represents the complete set of additional
diagrams in coherent state basis at O(e4).
4 Improved Method of Asymptotic Dynamics
In equal time formulation of QED, it has been shown using coherent states method that the IR
divergences cancel to all orders. In QCD such a proof does not exist. The reason lies in the fact that in
QCD, the asymptotic states are bound states. So the asymptotic Hamiltonian obtained by KF method
is not sufficient for the cancellation of IR divergences.
A new approach to the asymptotic dynamics has been proposed called the ”improved method of
asymptotic dynamics”, based on a proposal by McMullan etal [8; 9; 10], that the KF method makes
no connection between large time limit and the separation of particles at large distances. In particular,
they showed that the KF method does not lead to correct result for φ4 theory, and pointed out that it is
more appropriate in QFT to work at the level of matrix elements than at the level of operators. Based
on this observation they proposed a new improved method of asymptotic dynamics which is based on
6the asymptotic properties of matrix elements instead of operators and which also takes into account
appropriate boundary conditions corresponding to the separation of particles at large distances.
The key observation is that the matrix element [11]
〈ψout|Hint|ψin〉 (17)
is a time dependent complex number and, therefore, to investigate its asymptotic limit, one can use
the method of stationary phase. Thus, if the above matrix element is given by
〈ψout|Hint|ψin〉 =
∫
dνif(p1)g(p2) · · · exp[−iνix+] (18)
then, according to the method of stationary phase, this integral approaches zero as |x+| → ∞ provided
there is no point in the region of integration at which all first order partial derivatives of νi vanish.
The second criteria they suggest is to take into account the binding of particles at asymptotic limit.
In LFQED,
νi = p
− − k− − (p− k)− (19)
The asymptotic region according to the KF method is given by νi = 0, whereas in the improved
method, the asymptotic region is defined by the following conditions,
∂νi
∂p⊥
=
∂νi
∂p+
=
∂νi
∂k⊥
=
∂νi
∂k+
= 0 (20)
We have verified that for QED both the methods give the same asymptotic conditions but in case
of theories with 4−point coupling the asymptotic regions obtained by KF method and the first criteria
of improved method do not match.
5 Conclusion
We have shown that the true IR divergences get cancelled when coherent state basis is used to calculate
the matrix elements in lepton self-energy correction in light-front QED up to O(e4) in LF gauge as well
as in Feynman gauge. The cancellation of IR divergences between real and virtual processes is known
to hold in equal time QED to all orders. It would be interesting to verify this all order cancellation
in LFQED. The present work is an initial step in this direction. It is well known that IR divergences
do not cancel in QCD in higher orders. This is related to the fact that the asymptotic states are
bound states. Connection between asymptotic dynamics and IR divergences can possibly be exploited
to construct an artificial potential that may be used in bound state calculations in LFQCD.
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